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MAURER-CARTAN EQUATION IN THE DGLA OF GRADED
DERIVATIONS
PAOLO DE BARTOLOMEIS AND ANDREI IORDAN
In the memory of Pierre Dolbeault
Abstract. Let M be a smooth manifold and Φ a differential 1-form on M
with values in the tangent bundle TM . We construct canonical solutions eΦ
of Maurer-Cartan equation in the DGLA of graded derivations D∗ (M) of
differential forms on M by means of deformations of the d operator depending
on Φ. This yields to a classification of the canonical solutions of the Maurer-
Cartan equation according to their type: eΦ is of finite type r if there exists r ∈
N such that Φr [Φ,Φ]
FN
= 0 and r is minimal with this property, where [·, ·]
FN
is the Fro¨licher-Nijenhuis bracket. A distribution ξ ⊂ TM of codimension
k > 1 is integrable if and only if the canonical solution eΦ associated to the
endomorphism Φ of TM which is trivial on ξ and equal to the identity on a
complement of ξ in TM is of finite type 6 1, respectively of finite type 0 if
k = 1.
1. Introduction
In [9], one of the last papers of their seminal cycle of works on deformations of
differentiable and complex structures, K. Kodaira and D. C. Spencer studied the
deformations of multifoliate structures. A P-multifoliate structure on an orientable
manifold X of dimension n is an atlas
(
Ui, (x
α
i )α=1,···,n
)
such that the changes of
coordinates verify
∂xαi
∂xβk
= 0 for β  α,
where (P ,≧) is a finite partially ordered set, {α} the set of integers α = 1, 2, · · ·, n
such there is given a map {α} 7→ [α] of α onto P and the order relation ” v ” is
defined by α > β if and only if [α] > [β], α ∼ β if and only if [α] = [β]. An usual
foliation is the particular case when P = {a, b}, a > b.
They defined a DGLA structure (D∗ (M) ,k, [·, ·]) on the graded algebra of
graded derivations introduced by Fro¨licher and Nijenhuis in [5] and the deforma-
tions of the multifoliate structures are related to the solutions of the Maurer-Cartan
equation in this algebra. This was done in the spirit of [11], where A. Nijenhuis and
R. W. Richardson adapted a theory initiated by M. Gerstenhaber [6] and proved
the connection between the deformations of complex analytic structures and the
theory of differential graded Lie algebras (DGLA).
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In the paper [1], the authors elaborated a theory of deformations of integrable
distributions of codimension 1 in smooth manifolds. Our approach was different of
K. Kodaira and D. C. Spencer’s in [9] (see remark 14 of [1] for a discussion). We
considered in [1] only deformations of codimension 1 foliations, the DGLA algebra
(Z∗ (L) , δ, {·, ·}) associated to a codimension 1 foliation on a co-oriented manifold
L being a subalgebra of the the algebra (Λ∗ (L) , δ, {·, ·}) of differential forms on L.
Its definition depends on the choice of a DGLA defining couple (γ,X), where γ is
a 1-differential form on L and X is a vector field on L such that γ (X) = 1, but
the cohomology classes of the underlying differential vector space structure do not
depend on its choice. The deformations are given by forms in Z1 (L) verifying the
Maurer-Cartan equation and the moduli space takes in account the diffeomorphic
deformations. The infinitesimal deformations along curves are subsets of of the first
cohomology group of the DGLA (Z∗ (L) , δ, {·, ·}).
This theory was adapted to the study of the deformations of Levi-flat hyper-
surfaces in complex manifolds: we parametrized the Levi-flat hypersurfaces near
a Levi-flat hypersurface in a complex manifold and we obtained a second order
elliptic partial differential equation for an infinitesimal Levi-flat deformation.
In this paper we consider the graded algebra of graded derivations defined by
Fro¨licher and Nijenhuis in [5] with the DGLA structure defined by K. Kodaira
and D. C. Spencer in [9]. We construct canonical solutions of the Maurer-Cartan
equation in this algebra by means of deformations of the d-operator depending on
a vector valued differential 1-form Φ and we give a classification of these solutions
depending on their type. A canonical solution of the Maurer-Cartan equation
associated to an endomorphism Φ is of finite type r if there exists r ∈ N such that
Φr [Φ,Φ]FN = 0 and r is minimal with this property, where [·, ·]FN is the Fro¨licher-
Nijenhuis bracket. We show that a distribution ξ of codimension k on a smooth
manifold is integrable if and only if the canonical solution of the Maurer-Cartan
equation associated to the endomorphism of the tangent space which is the trivial
extension of the k-identity on a complement of ξ in TM is of finite type 6 1. If ξ
is a distribution of dimension s such that there exists an integrable distribution ξ∗
of dimension d generated by ξ, we show that there exists locally an endomorphism
Φ associated to ξ such that the canonical solution of the Maurer-Cartan equation
associated to Φ is of finite type less than r = min
{
m ∈ N : m > d
s
}
.
In the case of integrable distributions of codimension 1, we study also the infin-
itesimal deformations of the canonical solutions of the Maurer-Cartan equation in
the algebra of graded derivations by means of the theory of deformations developped
in [1].
2. The DGLA of graded derivations
In this paragraph we recall some definitions and properties of the DGLA of
graded derivations from [5], [9] (see also [10]).
Notation 1. Let M be a smooth manifold. We denote by Λ∗M the algebra of
differential forms on M , by X (M) the Lie algebra of vector fields on M and by
Λ∗M ⊗ TM the algebra of TM -valued differential form on M , where TM is the
tangent bundle to M . In the sequel, we will identify Λ1M ⊗ TM with the algebra
End (TM) of endomorphisms of TM by their canonical isomorphism: for σ ∈
Λ1M , X,Y ∈ X (M), (σ ⊗X) (Y ) = σ (Y )X.
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Definition 1. A differential graded Lie agebra (DGLA) is a triple (V ∗, d, [·, ·]) such
that:
1) V ∗ = ⊕i∈NV
i, where
(
V i
)
i∈N
is a family of C-vector spaces and d : V ∗ →
V ∗is a graded homomorphism such that d2 = 0. An element a ∈ V k is said to be
homogeneous of degree k = deg a.
2) [·, ·] : V ∗ × V ∗ → V ∗defines a structure of graded Lie algebra i.e. for homo-
geneous elements we have
[a, b] = − (−1)
deg a deg b
[b, a]
and
[a, [b, c]] = [[a, b] , c] + (−1)deg a deg b [b, [a, c]]
3) d is compatible with the graded Lie algebra structure i.e.
d [a, b] = [da, b] + (−1)
deg a
[a, db] .
Definition 2. Let (V ∗, d, [·, ·]) be a DGLA and a ∈ V 1. We say that a verifies the
Maurer-Cartan equation in (V ∗, d, [·, ·]) if
da+
1
2
[a, a] = 0.
Definition 3. Let A = ⊕k∈ZAk be a graded algebra. A linear mapping D : A→ A
is called a graded derivation of degree p = |D| if D : Ak → Ak+p and D (ab) =
D (a) b+ (−1)
pdeg a
aD (b).
Definition 4. Let M be a smooth manifold. We denote by D∗ (M) the graded
algebra of graded derivations of Λ∗M .
Definition 5. Let P,Q be homogeneous elements of degree |P | , |Q| of D∗ (M).
We define
[P,Q] = PQ− (−1)
|P ||Q|
QP,
kP = [d, P ] .
Lemma 1. Let M be a smooth manifold. Then (D∗ (M) , [·, ·] ,k) is a DGLA.
Definition 6. Let α ∈ Λ∗M and X ∈ X (M). We define Lα⊗X , Iα⊗X by
(2.1) Lα⊗Xσ = α ∧ LXσ + (−1)
|α| dα ∧ ιXσ, σ ∈ Λ
∗ (M)
(2.2) Iα⊗Xσ = α ∧ ιXσ, σ ∈ Λ
∗ (M)
where LX is the Lie derivative and ιX the contraction by X.
For Φ ∈ Λ∗M ⊗ TM we define LΦ, IΦ as the extensions by linearity of (2.1),
(2.2).
Remark 1. Let ω ∈ Λ2 (M), Z ∈ X (M) and σ ∈ Λ1 (M). Then for every X,Y ∈
X (M)
Iω⊗Zσ (X,Y ) = (ω ∧ ιZσ) (X,Y ) = σ (Z)ω (X,Y ) = σ ((ω ⊗ Z) (X,Y )) .
By linearity, for every Φ ∈ Λ2M ⊗ TM , σ ∈ Λ1 (M), X,Y ∈ X (M) we have
IΦσ (X,Y ) = σ (Φ (X,Y )) .
Lemma 2. For every Φ ∈ ΛkM ⊗ TM , LΦ, IΦ ∈ D
∗ (M), |LΦ| = k, |IΦ| = k− 1.
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Notation 2.
L (M) = {LΦ : Φ ∈ Λ
∗M ⊗ TM} , I (M) = {IΦ : Φ ∈ Λ
∗M ⊗ TM} .
In [5] the graded derivations of L (M) (respectively of I (M)) are called of type d∗
(respectively of type ι∗).
Lemma 3. (1) For every D ∈ Dk (M) there exist unique forms Φ ∈ ΛkM ⊗
TM,Ψ ∈ Λk+1M ⊗ TM such that
D = LΦ + IΨ,
so
D∗ (M) = L (M)⊕ I (M) .
We denote LΦ = L (D) and IΨ = I (D)
(2) For every Φ ∈ Λ∗M ⊗ TM
(2.3) k (−1)|Φ| IΦ = [IΦ, d] = LΦ.
(3)
L (M) = kerk.
Notation 3. We denote by ℵ : D∗ (M)→ D∗ (M) the mapping defined by
ℵ (D) = (−1)|D| I (D)
Remark 2.
Id = kℵ+ ℵk.
Indeed for D = LΦ + IΨ ∈ D
∗ (M) , by using Lemma 2 we have
(kℵ+ ℵk) (D) = (kℵ+ ℵk) (LΦ + IΨ) = k (−1)
|Φ| IΦ+ℵ (−1)
|Φ| LΨ = LΦ+IΨ = D.
Lemma 4. (1) Let D ∈ D∗ (M). The following are equivalent:
i) D ∈ I (M);
ii) D
∣∣Λ0 (M) = 0;
iii) D (fω) = fD (ω) for every f ∈ C∞ (M) and ω ∈ Λ∗ (M).
(2) The mapping L : Λ∗M ⊗ TM → D∗ (M) defined by L (Φ) = LΦ is an
injective morphism of graded Lie algebras.
Remark 3. d ∈ D1 (M) and
d = LIdT(M) = −kIIdT(M) .
By Lemma 1 and the Jacobi identity, for every Φ ∈ ΛkM ⊗TM,Ψ ∈ ΛlM ⊗TM
we have
k ([LΦ,LΨ]) = [d, [LΦ,LΨ]] = [[d,LΦ] ,LΨ] + (−1)
|Φ|
[LΦ, [d,LΨ]]
= [kLΦ,LΨ] + (−1)
|Φ|
[LΦ,kLΦ] = 0,
so there exists a unique form [Φ,Ψ] ∈ Λk+lM ⊗ TM such that
(2.4) [LΦ,LΨ] = L[Φ,Ψ].
This gives the following
Definition 7. Let Φ,Ψ ∈ Λ∗M ⊗ TM . The Fro¨licher-Nijenhuis bracket of Φ and
Ψ is the unique form [Φ,Ψ]FN ∈ Λ
∗M ⊗ TM verifying (2.4).
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Lemma 5. Let Φ1 ∈ Λ
k1M ⊗ TM,Φ2 ∈ Λ
k2M ⊗ TM,Ψ1 ∈ Λ
k1+1M ⊗ TM,Ψ2 ∈
Λk2+1M ⊗ TM . Then
[LΦ1 + IΨ1 ,LΦ2 + IΨ2 ] = L[Φ1,Φ2]FN+IΨ1Φ2−(−1)
k1k2IΨ2Φ1
+IIΨ1Ψ2−(−1)
k1k2IΨ2Ψ1+[Φ1,Ψ2]FN−(−1)
k1k2 [Φ2,Ψ1]FN
.
In particular
(2.5) [IΦ, IΨ] = IIΦΨ − (−1)
(|Φ|+1)(|Ψ|+1)
IIΨΦ;
(2.6) [LΦ, IΨ] = I[Φ,Ψ]
FN
− (−1)
|Φ|(|Ψ|+1)
LIΨΦ;
[IΨ,LΦ] = LIΨΦ − (−1)
|Φ|
I[Ψ,Φ]
FN
.
Definition 8. Let Φ ∈ Λ1M⊗TM . The Nijenhuis tensor of Φ is NΦ ∈ Λ
2M⊗TM
defined by
NΦ (X,Y ) = [ΦX,ΦY ] + Φ
2 [X,Y ]− Φ [ΦX,Y ]− Φ [X,ΦY ] , X, Y ∈ X (M) .
Proposition 1. Let α ∈ Λk (M), β ∈ Λl (M), X,Y ∈ X (M).Then:
(1)
[α⊗X, β ⊗ Y ]FN = α ∧ β ⊗ [X,Y ] + α ∧ LXβ ⊗ Y − LY α ∧ β ⊗X
+(−1)k (dα ∧ ιXβ ⊗ Y + ιY α ∧ dβ ⊗X) .
(2) Let Φ,Ψ ∈ Λ1M ⊗ TM . Then
[Φ,Ψ]FN (X,Y ) = [ΦX,ΨY ]− [ΦY,ΨX ]−Ψ [ΦX,Y ] + Ψ [ΦY,X ]
−Φ [ΨX,Y ] + Φ [ΨY,X ] +
1
2
Ψ (Φ [X,Y ])−
1
2
Ψ (Φ [Y,X ])
+
1
2
Φ (Ψ [X,Y ])−
1
2
Φ (Ψ [Y,X ])
= [ΦX,ΨY ] + [ΨX,ΦY ] + Φ (Ψ [X,Y ]) + Ψ (Φ [X,Y ])
−Φ [ΨX,Y ]− Φ [X,ΨY ]−Ψ [ΦX,Y ]−Ψ [X,ΦY ] .
In particular
[Φ,Φ]FN (X,Y ) = 2
(
[ΦX,ΦY ] + Φ2 [X,Y ]− Φ [ΦX,Y ]− Φ [X,ΦY ]
)
= 2NΦ (X,Y ) .
3. Canonical solutions of Maurer-Cartan equation
Definition 9. Let Φ ∈ Λ1M ⊗ TM .
a) Let σ ∈ ΛpM . We define Φσ ∈ ΛpM by Φσ = σ if p = 0 and
(Φσ) (V1, · · ·, Vp) = σ (ΦV1, · · ·,ΦVp) if p > 1, V1, · · ·, Vp ∈ X (M) .
b) Let Ψ ∈ ΛpM ⊗ TM . We define ΦΨ ∈ ΛpM ⊗ TM by ΦΨ = Ψ if p = 0 and
ΦΨ (V1, ..., Vp) = Φ (Ψ (V1, ..., Vp)) , V1, ..., Vp ∈ X (M) if p > 1.
Lemma 6. Let Φ ∈ Λ1M ⊗ TM , Ψ ∈ Λ2M ⊗ TM . Then
IΨΦ = ΦΨ.
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Proof. It is sufficient to prove the assertion for Ψ = α⊗X , Φ = β⊗Y , α ∈ Λ2 (M),
β ∈ Λ1 (M), X,Y ∈ X (M).
For every Z1, Z2 ∈ X (M) we have
(β ⊗ Y ) (α⊗X) (Z1, Z2) = (β ⊗ Y ) (α (Z1, Z2)⊗X) = β (X)α (Z1, Z2)⊗ Y.
Since
Iα⊗Xβ ⊗ Y = (Iα⊗Xβ)⊗ Y = β (X)α⊗ Y,
the Lemma is proved. 
Definition 10. Let D ∈ Dk (M) and Φ ∈ Λ1M ⊗ TM invertible. We define
Φ−1DΦ : Λ∗M → Λ∗M by Φ−1DΦ (σ) = Φ−1D (Φσ).
Lemma 7. Let D ∈ Dk (M) and Φ ∈ Λ1M ⊗ TM invertible. Then Φ−1DΦ ∈
Dk (M) .
Proof. Let σ ∈ Λp (M), η ∈ Λq (M). Since Φ (σ ∧ η) = Φσ ∧Φη, it follows that(
Φ−1DΦ
)
(σ ∧ η) = Φ−1D (Φ (σ ∧ η)) = Φ−1D (Φσ ∧ Φη)
= Φ−1
(
DΦσ ∧ Φη + (−1)
pk
Φσ ∧DΦη
)
= Φ−1DΦσ ∧ η + (−1)
pk
σ ∧Φ−1DΦη.

Notation 4. Let Φ ∈ Λ1M ⊗ TM such that RΦ = IdTM +Φ is invertible. Set
dΦ = RΦdR
−1
Φ ,
eΦ = dΦ − d
and
b (Φ) = −
1
2
R−1Φ [Φ,Φ]FN .
The following Theorem is a refinement of results from [3] and [4] :
Theorem 1. Let Φ ∈ Λ1M ⊗ TM such that RΦ = IdT (M) +Φ is invertible. Then
(3.1) eΦ = LΦ + Ib(Φ).
Proof. Since both terms of (3.1) are derivations of degree 1, it is enough to prove
(3.1) on Λ0 (M) and Λ1 (M).
Let f ∈ Λ0 (M) and X ∈ X (M). Then
(3.2)
dΦf (X) =
(
RΦdR
−1
Φ f
)
(X) = (RΦdf) (X) = df (IdTM +Φ) (X) = df (X)+df (Φ (X)) .
If α ∈ Λ1 (M), X ∈ X (M), by (2.2),
Iα⊗Y (df) (X) = (α⊗ ιY df) (X) = df (Y ) (α (X)) = df (α⊗ Y )X
and by linearity we obtain
IΦ (df) (X) = df (Φ (X)) .
So, from (3.2) it follows that
dΦf (X) = df (X)+IΦ (df) (X) = (d+ [IΦ, d]) f (X) = (d+ LΦ) f (X) = (d+ LΦ) f (X) .
Since IΦ is of type i∗, IΦf = 0 and therefore (3.1) is verified for every f ∈ Λ
0 (M).
Let now σ ∈ Λ1 (M).
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We will prove firstly that
(3.3) Ib(Φ) (σ) (X,Y ) = −σ
(
1
2
R−1Φ NRΦ (X,Y )
)
.
By using Remark 3, we have
L[IdT (M),IdT(M)] =
[
LIdT(M) ,LIdT(M)
]
= [d, d] = 0
and [
LΦ,LIdT(M)
]
= [LΦ, d] = kLΦ = 0.
So
[RΦ, RΦ]FN =
[
IdT (M) +Φ, IdT (M) +Φ
]
FN
= [Φ,Φ]FN
and by Proposition 1
(3.4) 2NRΦ = [RΦ, RΦ]FN = [Φ,Φ]FN = 2NΦ.
By Remark 1 it follows that
I− 12R
−1
Φ [Φ,Φ]FN
(σ) (X,Y ) = −σ
(
1
2
R−1Φ [Φ,Φ]FN (X,Y )
)
= −σ
(
1
2
R−1Φ NRΦ (X,Y )
)
and (3.3) is proved.
We will compute now LΦσ, dΦσ and Ib(Φ)σ:
We remark that (2.3) gives LΦσ = [IΦ, d] (σ) and thus
LΦσ = [IΦ, d] (σ) (X,Y ) = (IΦdσ) (X,Y )− d (IΦσ) (X,Y )
= dσ (ΦX,Y ) + dσ (X,ΦY )
−X ((IΦσ) (Y )) + Y ((IΦσ) (X)) + (IΦσ) [X,Y ]
= (ΦX) (σ (Y ))− Y (σ (ΦX))− σ ([ΦX,Y ])
+X (σ (ΦY ))− (ΦY ) (σ (X))− σ ([X,ΦY ])
−X (σ (Φ (Y ))) + Y (σ (Φ (X))) + σ (Φ ([X,Y ]))
= (ΦX) (σ (Y ))− (ΦY ) (σ (X)) + σ (Φ ([X,Y ])− [ΦX,Y ]− [X,ΦY ]) ,(3.5)
dΦσ (X,Y ) =
(
RΦdR
−1
Φ
)
σ (X,Y ) =
(
dR−1Φ σ
)
(RΦX,RΦY )
= (RΦX)
((
R−1Φ σ
)
(RΦY )
)
− (RΦY )
((
R−1Φ σ
)
(RΦX)
)
−R−1Φ σ ([RΦX,RΦY ])
= (RΦX) (σY )− (RΦY ) (σX)− σ
(
R−1Φ ([RΦX,RΦY ])
)
= (X +ΦX) (σY )− (Y +ΦY ) (σX)− σ
(
R−1Φ ([RΦX,RΦY ])
)
= (ΦX) (σY )− (ΦY ) (σX) +X (σY )− Y (σX)− σ
(
R−1Φ ([RΦX,RΦY ])
)
.
(3.6)
By developping (3.3) we have(
Ib(Φ)σ
)
(X,Y ) = −σ
(
R−1Φ NRΦ (X,Y )
)
= σ
(
R−1Φ ([RΦX,RΦY ]) +RΦ [X,Y ]− [RΦX,Y ]− [X,RΦY ]
)
= σ
(
R−1Φ ([RΦX,RΦY ])
)
+ σ ([X,Y ] + Φ [X,Y ])
−σ ([X,Y ] + [ΦX,Y ] + [X,Y ] + [X,ΦY ])
= σ
(
R−1Φ ([RΦX,RΦY ])
)
+ σ (Φ [X,Y ]− [X,Y ]− [ΦX,Y ]− [X,ΦY ])(3.7)
−σ ([X,Y ] + [ΦX,Y ] + [X,ΦY ]) .
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Since
dσ (X,Y ) = X (σY )− Y (σX)− σ [X,Y ] ,
by comparing (3.5), (3.6) and (3.7) it follows that (3.1) is verified for each form in
Λ1M and the Lemma is proved. 
Theorem 2. Let Φ ∈ Λ1M ⊗TM such that RΦ = IdT (M)+Φ is invertible. Then:
i) eΦ is a solution of the Maurer-Cartan equation in (D
∗ (M) , [·, ·] ,k).
ii) Let Ψ ∈ Λ2M⊗TM such that D = LΦ+IΨ is a solution of the Maurer-Cartan
equation in (D∗ (M) , [·, ·] ,k).) Than Ψ = b (Φ).
Proof. i) Since [d, d] = 0,
[
RΦdR
−1
Φ , RΦdR
−1
Φ
]
= 0, and
[
d,RΦdR
−1
Φ
]
=
[
RΦdR
−1
Φ , d
]
it follows that
keΦ +
1
2
[eΦ, eΦ] =
[
d,RΦdR
−1
Φ − d
]
+
1
2
[
RΦdR
−1
Φ − d,RΦdR
−1
Φ − d
]
=
[
d,RΦdR
−1
Φ
]
−
[
d,RΦdR
−1
Φ
]
= 0.
ii) Let D = LΦ + IΨ, Φ ∈ Λ
1M ⊗ TM , Ψ ∈ Λ2M ⊗ TM . By using Lemma 1
and Lemma 5 we have
kD = kIΨ = LΨ
and
[D,D] = [LΦ + IΨ,LΦ + IΨ] = L[Φ,Φ]
FN
+ 2 [LΦ, IΨ] + [IΨ, IΨ]
= L[Φ,Φ]
FN
+ 2
(
I[Φ,Ψ]
FN
+ LIΨΦ
)
+ [IΨ, IΨ] ,
so
kD +
1
2
[D,D] = LΨ +
1
2
L[Φ,Φ]
FN
+
(
I[Φ,Ψ]
FN
+ LIΨΦ
)
+
1
2
[IΨ, IΨ] .
It follows that
L
(
kD +
1
2
[D,D]
)
= LΨ +
1
2
L[Φ,Φ]
FN
+ LIΨΦ
and
I
(
kD +
1
2
[D,D]
)
= I[Φ,Ψ]
FN
+
1
2
[IΨ, IΨ] .
Suppose that D = LΦ + IΨ verifies the Maurer-Cartan equation. Then
0 = L
(
kD +
1
2
[D,D]
)
= L
(
Ψ+
1
2
[Φ,Φ]FN + IΨΦ
)
.
Since L is injective, this implies
Ψ +
1
2
[Φ,Φ]FN + IΨΦ = 0.
By Lemma 6 we obtain
Ψ +
1
2
[Φ,Φ]FN +ΦΨ = 0,
which is equivalent to
Ψ = −
1
2
(IdTM +Φ)
−1
[Φ,Φ]FN = b (Φ) .

Definition 11. Let Φ ∈ Λ1M ⊗ TM such that IdT (M) + Φ is invertible. eΦ is
called the canonical solution of Maurer-Cartan equation associated to Φ.
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4. Canonical solutions of finite type of Maurer-Cartan equation
Theorem 3. Let Φ ∈ Λ1M ⊗ TM small enough such that
∑∞
h=0 (−1)
h Φh =(
IdT (M) +Φ
)−1
∈ Λ1M ⊗ TM and eΦ the canonical solution of Maurer-Cartan
equation associated to Φ. Then
a) eΦ =
∑∞
k=1 γk, where γk ∈ D
1 (M) are defined by induction as
γ1 = LΦ, γk = − (−1)
k 1
2
∑
(p,q)∈N∗, p+q=k
ℵ
([
γp, γq
])
, k > 2.
b)
γk = (−1)
k+1 1
2
IΦk−2[Φ,Φ]
FN
, k > 2.
c)
Ib(Φ) =
∞∑
k=2
γk.
Proof. We remark that for r > 2, γr ∈ I (M), so by 2.5 it follows that
[
γp, γq
]
∈
I (M) for p, q > 2. Since ℵ
∣∣
I(M) = 0 we have ℵ
([
γp, γq
])
= 0 for p, q > 2 and so
(4.1) γr = − (−1)
r 1
2
ℵ
([
γ1, γr−1
]
+
[
γ1, γr−1
])
= − (−1)
r
ℵ
[
γ1, γr−1
]
, r > 2.
We will show by induction that for every r > 2
(4.2) γr = − (−1)
r 1
2
IΦr−2[Φ,Φ].
Suppose that for every r > 3
γr−1 = − (−1)
k 1
2
IΦr−3 [Φ,Φ].
Then
(4.3) ℵ
[
γ1, γr−1
]
= ℵ
[
LΦ,− (−1)
r−1 1
2
IΦr−3[Φ,Φ]
]
,
and by 2.6 we have
(4.4)[
LΦ, IΦr−3 [Φ,Φ]
]
=
[
I[Φ,Φr−3[Φ,Φ]FN ]FN
− (−1)
|Φ|(|Φr−3[Φ,Φ]|+1) LIΦr−3[Φ,Φ]FN Φ
]
.
So, from (4.3) and (4.4) we obtain
ℵ
[
γ1, γr−1
]
= −
1
2
(−1)r−1 ℵ
(
LI
Φr−3[Φ,Φ]FN
Φ
)
(4.5)
= −
1
2
(−1)
r−1
(−1)
∣
∣
∣
∣IΦr−3[Φ,Φ]FN
Φ
∣
∣
∣
∣
IIΦr−3[Φ,Φ]FN Φ
= −
1
2
(−1)
r
IIΦr−3[Φ,Φ]FN Φ
.
But by Lemma 6
IΦr−3[Φ,Φ]
FN
Φ = Φr−2 [Φ,Φ]FN
and (4.2) is verified.
It follows that
Ib(Φ) = I− 12
∑
∞
k=0(−1)
kΦk[Φ,Φ]
FN
=
∞∑
k=0
− (−1)
k 1
2
IΦk[Φ,Φ]
FN
=
∞∑
k=2
γk.
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By Theorem 3.1
eΦ = LΦ + Ib(Φ) =
∞∑
k=1
γk
and the Proposition is proved. 
Definition 12. Let Φ ∈ Λ1M ⊗ TM small enough such that
∑∞
h=0 (−1)
h
Φh =(
IdT (M) +Φ
)−1
∈ Λ1M ⊗ TM and eΦ the canonical solution of Maurer-Cartan
equation associated to Φ. eΦ is called of finite type if there exists r ∈ N if Φr [Φ,Φ]FN =
0 and of finite type r if r = min {s ∈ N : Φs [Φ,Φ]FN = 0}.
Remark 4. Let eΦ the canonical solution of Maurer-Cartan equation corresponding
to Φ ∈ Λ1M ⊗ TM . Suppose that eΦ is of finite type r. Then
eΦ =
r+1∑
k=1
γk.
Proposition 2. Let Φ ∈ Λ1M ⊗TM such that RΦ is invertible. The following are
equivalent:
i) The canonical solution eΦ of Maurer-Cartan equation coresponding to Φ is of
finite type 0.
ii) eΦ is k-closed.
iii) dΦ is k-closed.
iv) NΦ = 0.
Proof. i) ⇐⇒ ii) Suppose that the canonical solution eΦ of Maurer-Cartan equa-
tion coresponding to Φ is of finite type 0. Then by Remark 4 it follows that
eΦ = γ1 = LΦ
and by Lemma 2 it follows that eΦ is k-closed.
Conversely, suppose keΦ = 0. By using again Lemma 2 it follows that eΦ ∈
L (M). In particular Ib(Φ) = 0, so [Φ,Φ]FN = 0.
ii) ⇐⇒ iii) We have d = LIdT(M) , so kd = 0. Since eΦ = dΦ − d the assertion
follows.
i) ⇐⇒ iv) By Proposition 1, [Φ,Φ]FN = 2NΦ so NΦ = 0 if and only if
[Φ,Φ]FN = 0. 
By using Proposition 2 we obtain:
Corollary 1. Let M be a smooth manifold and J an almost complex structure on
M . Then the canonical solution associated to J is of finite type 0 if and only if
NJ = 0, i.e. if and only if J is integrable.
Theorem 4. Let M be a smooth manifold and ξ ⊂ TM a distribution. Let ζ ⊂ TM
such that TM = ξ ⊕ ζ and consider Φ ∈ End (TM) defined by Φ = 0 on ξ and
Φ = Id on ζ. Then:
(1) The canonical solution associated to Φ is of finite type 0 if and only if ξ
and ζ are integrable.
(2) The canonical solution associated to Φ is of finite type 1 if and only if ξ is
integrable and ζ is not integrable.
(3) If ξ is not integrable then Φk [Φ,Φ]FN 6= 0 for every k ∈ N.
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Proof. Let Y, Z ∈ ξ. Since Φk = Φ for every k > 1 and ΦY = ΦZ = 0,
(Φ [Φ,Φ]FN ) (Y, Z) = Φ ([Φ,Φ]FN (Y, Z))
= Φ
(
[ΦY,ΦZ] + Φ2 [Y, Z]− Φ [ΦY, Z]− Φ [Y,ΦZ]
)
= Φ([Y, Z]) .(4.6)
Suppose that the canonical solution associated to Φ is of finite type 6 1. Then
Φ [Φ,Φ]FN (Y, Z) = 0 for every Y, Z ∈ ξ and by (4.6 it follows that [Y, Z] ∈ ξ.
Therefore ξ is integrable by the theorem of Frobenius.
Suppose now that ξ is not integrable. There exist Y, Z ∈ ξ such that [Y, Z] /∈ ξ.
By (4.6) we obtain(
Φk [Φ,Φ]FN
)
(Y, Z) = Φk
(
[ΦY,ΦZ] + Φk+2 [Y, Z]− Φk+1 [ΦY, Z]− Φk+1 [Y,ΦZ]
)
= Φ([Y, Z]) 6= 0
for every k > 1.
Conversely, suppose that ξ is integrable. Then for every V,W ∈ ξ, we have
[V,W ] ∈ ξ, so Φ ([V,W ]) = 0. Since Φ (TM) ⊂ ζ, for every V ∈ TM , there exist
unique Vξ ∈ ξ and Vζ ∈ ζ such that V = Vξ + Vζ , and ΦV = Vζ . Since Φ
k = Φ for
every k > 1,
(Φ [Φ,Φ]FN ) (V,W ) = Φ ([Φ,Φ]FN (V,W ))
= Φ
(
[ΦV,ΦW ] + Φ2 [V,W ]− Φ [ΦV,W ]− Φ [V,ΦW ]
)
= Φ([Vζ ,Wζ ]) + Φ ([Vξ + Vζ ,Wξ +Wζ ])
−Φ ([Vζ ,Wξ +Wζ ])− Φ ([Vξ + Vζ ,Wζ ])
= Φ [Vζ ,Wζ ] + Φ [Vζ ,Wξ] + Φ [Vξ,Wζ ] + Φ [Vζ ,Wζ ]
−Φ [Vζ ,Wξ]− Φ [Vζ ,Wζ ]− Φ [Vξ,Wζ ]− Φ [Vζ ,Wζ ]
= 0
and it follows that the canonical solution associated to Φ is of finite type 6 1.
If ζ is integrable too, Φ [Vζ ,Wζ ] = [Vζ ,Wζ ] for every V,W ∈ TM and
([Φ,Φ]FN ) (V,W ) = [ΦV,ΦW ] + Φ
2 [V,W ]− Φ [ΦV,W ]− Φ [V,ΦW ]
= [Vζ ,Wζ ] + Φ [Vξ + Vζ ,Wξ +Wζ ]
−Φ [Vζ ,Wξ +Wζ ]− Φ [Vξ + Vζ ,Wζ ]
= [Vζ ,Wζ ] + Φ [Vζ ,Wξ] + Φ [Vξ,Wζ ]− Φ [Vζ ,Wξ]− Φ [Vζ ,Wζ ] = 0,
so the canonical solution associated to Φ is of finite type 0.
If ξ is integrable and ζ is not integrable, there exists Y, Z ∈ ζ such that [Y, Z] /∈ ζ,
so
([Φ,Φ]FN ) [Y, Z] = [ΦY,ΦZ] + Φ
2 [Y, Z]− Φ [ΦY, Z]− Φ [Y,ΦZ]
= [Y, Z] + Φ [Y, Z]− Φ [Y, Z]− Φ [Y, Z] = [Y, Z]− Φ [Y, Z] 6= 0
and the Theorem follows. 
Corollary 2. LetM be a smooth manifold and ξ ⊂ TM a co-orientable distribution
of codimension 1. There exist X ∈ X (M) and γ ∈ Λ1 (M) such ξ = ker γ and
ιXγ = 1. We have T (M) = ξ ⊕ R [X ] and we consider Φ ∈ End (TM) defined by
Φ = 0 on ξ and Φ = Id on R [X ]. Then the canonical solution associated to Φ is
of finite type 0 if and only if ξ is integrable.
Proof. We apply Proposition 4 for η = R [X ] which is obviously integrable. 
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Theorem 5. Let M be a smooth manifold of dimension n and ξ, τ ⊂ TM distribu-
tions such that ξ $ τ . We consider η, ζ ⊂ TM distributions such that τ = ξ⊕η and
TM = τ ⊕ ζ and let A : η → ξ , B : η → η such that ξ = kerK, where K : τ → τ
is defined by K = 0 on ξ and K = A + B on η. We suppose that there exists a
natural number m > 1 such that Km = 0. Let Φ ∈ End (TM) defined by Φ = K
on τ and Φ = Id on ζ. The following are equivalent:
(1) τ is integrable.
(2) The canonical solution associated to Φ is of finite type 6 m.
Proof. We have
K =


dim ξ︸ ︷︷ ︸ dim η︸ ︷︷ ︸
dim ξ { 0 A
dim η { 0 B


and
Φ =


dim τ︸ ︷︷ ︸ dim ζ︸ ︷︷ ︸
dim τ { K 0
dim ζ { 0 Id

 ,
So Km = 0, Φm = 0 on τ and Φm = Id on ζ.
Let Y, Z ∈ TM , Y = Yτ + Yζ , Yτ = Yξ + Yη, Z = Zτ + Zζ , Zτ = Zξ + Zη,
Yξ, Zξ ∈ ξ, Yη, Zη ∈ η, Yζ , Zζ ∈ ζ. We have Φ
m+j = Φm for every j ∈ N, so
(Φm [Φ,Φ]FN ) [Y, Z] = Φ
m
(
[ΦY,ΦZ] + Φ2 [Y, Z]− Φ [ΦY, Z]− Φ [Y,ΦZ]
)
= Φm [ΦY,ΦZ] + Φm [Y, Z]− Φm [ΦY, Z]− Φm [Y,ΦZ] .(4.7)
Suppose that τ is integrable. Since ξ = kerΦ,
ΦY = ΦYη +ΦYζ = AYη +BYη + Yζ = Cτ + Yζ ,
ΦZ = ΦZη +ΦZζ = AZη +BZη + Zζ = Dτ + Yζ ,
where Cτ = AYη + BYη ∈ τ and Dτ = AZη + BZη ∈ τ . Since τ is integrable,
[Cτ , Dτ ] ∈ τ = Ker Φ
m, so Φm ([Cτ , Dτ ]) = 0 and
(4.8) Φm [ΦY,ΦZ] = Φm ([Cτ , Zζ]) + Φ
m ([Yζ , Dτ ]) + Φ
m ([Yζ , Zζ ]) .
Similarly, since [Yτ , Zτ ] , [Cτ , Zτ ] , [Yτ , Dτ ] ∈ τ = Ker Φ
m
(4.9)
Φm [Y, Z] = Φm ([Yτ + Yζ , Zτ + Zζ ]) = Φ
m ([Yζ , Zτ ])+Φ
m ([Yτ , Zζ ])+Φ
m ([Yζ , Zζ ]) ,
(4.10)
Φm [ΦY, Z] = Φm [Cτ + Yζ , Zτ + Zζ ] = Φ
m [Cτ , Zζ ] + Φ
m [Yζ , Zτ ] + Φ
m [Yζ , Zζ] .
(4.11)
Φm [Y,ΦZ] = Φm [Yτ + Yζ , Dτ + Zζ ] = Φ
m [Yζ , Dτ ] + Φ
m [Yτ , Zζ ] + Φ
m [Yζ , Zζ ]
Replacing (4.8), (4.9), (4.10), (4.11) in (4.7) we obtain
(Φm [Φ,Φ]FN ) [Y, Z] = Φ
m ([Cτ , Zζ]) + Φ
m ([Yζ , Dτ ]) + Φ
m ([Yζ , Zζ ])
+Φm ([Yζ , Zτ ]) + Φ
m ([Yτ , Zζ ]) + Φ
m ([Yζ , Zζ])
− (Φm [Cτ , Zζ ] + Φ
m [Yζ , Zτ ] + Φ
m [Yζ , Zζ ])
− (Φm [Yζ , Dτ ] + Φ
m [Yτ , Zζ] + Φ
m [Yζ , Zζ ])
= 0,
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and it follows that the canonical solution associated to Φ is of finite type 6 m.
Conversely, suppose that the canonical solution of the Maurer-Cartan equation
associated to Φ is of finite type k 6 m, i.e. Φm [Φ,Φ]FN = 0. We will prove that
[Y, Z] ∈ τ = Ker Φm for every Y, Z ∈ τ by taking in account several cases.
a) Let Y, Z ∈ ξ. Then ΦY = ΦZ = 0 and by using (4.7) we obtain
Φm [Φ,Φ]FN ([Y, Z]) = Φ
m+2 [Y, Z] = Φm [Y, Z] = 0.
So [Y, Z] ∈ τ .
b) Let Y ∈ ξ, Z ∈ τ , Z = Zξ + Zη. Then
(4.12) [Y, Z] = [Y, Zξ] + [Y, Zη] .
By a) [Y, Zξ] ∈ τ and from (4.12) it follows that [Y, Z] ∈ τ if and only if [Y, Zη] ∈ τ .
Since ΦY = 0, by using (4.7) we have
[Φ,Φ]FN ([Y, Zη]) = [ΦY,ΦZη] + Φ
2 [Y, Zη]− Φ [ΦY, Zη]− Φ [Y,ΦZη]
= Φ2 [Y, Zη]− Φ [Y,ΦZη] ,
and
Φm [Φ,Φ]FN ([Y, Zη]) = Φ
m [Y, Zη]− Φ
m [Y,ΦZη]
= Φm ([Y, (Id− Φ)Zη]) = 0.
In particular [Y, (Id− Φ)Zη] ∈ τ for every Zη ∈ η.
But
(4.13) det
(
Id− Φ|η
)
= det (Id−B) = 1,
so for every Xη ∈ η there exists Zη ∈ η such that Xη = (Id− Φ)Zη. It follows that
[Y, Z] ∈ τ for every Y ∈ ξ and Z ∈ τ .
c) Let Y, Z ∈ τ , Y = Yξ + Yη, Z = Zξ + Zη, Yξ, Zξ ∈ ξ Yη, Zη ∈ η. Since
[Y, Z] = [Yξ + Yη, Zξ + Zη] = [Yξ, Zξ] + [Yη, Zξ] + [Yξ, Zη] + [Yη, Zη] .
and [Yξ, Zξ] , [Yη, Zξ] , [Yξ, Zη] ∈ τ it follows that [Y, Z] ∈ τ if and only if [Yη, Zη] ∈ τ .
We have
[Φ,Φ]FN ([Yη, Zη]) = [ΦYη,ΦZη] + Φ
2 [Yη, Zη]− Φ [ΦYη, Zη]− Φ [Yη,ΦZη]
= [AYη +BYη, AZη +BZη] + Φ
2 [Yη, Zη]
−Φ [AYη +BYη, Zη]− Φ [Yη, AZη +BZη] .
SinceAYη, AZη ∈ ξ it follows that [AYη, AZη] , [AYη, BZη] , [BYη, AZη] , [AYη, Zη] , [Yη, AZη] ∈
τ = kerΦr and
Φm [Φ,Φ]FN ([Yη, Zη]) = Φ
m [BYη, BZη] + Φ
m [Yη, Zη]− Φ
m [BYη, Zη]− Φ
m [Yη, BZη]
= Φm [Yη, (Id−B)Zη]− Φ
m [BYη, (Id−B)Zη]
= Φm [(Id−B)Yη, (Id−B)Zη] = 0
for every Yη, Zη ∈ η.
As before, by (4.13) it follows that Φr [Yη, Zη] = 0 for every Yη, Zη ∈ η and this
implies that [Y, Z] ∈ τ for every Y, Z ∈ τ . 
In order to compute the type of the canonical solution of Theorem 5 we need
the following elementary lemma:
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Lemma 8. Let
K =


s︸︷︷︸ d− s︸ ︷︷ ︸
s { 0 A
d− s { 0 B


a (d, d) nilpotent matrix of rank d− s > 0, s > 1. Set r = min {m ∈ N : Km = 0}.
Then r = min
{
m ∈ N : m > d
s
}
.
Proof. Since K is nilpotent of maximal rank we may suppose that
K =


s︸︷︷︸ d− s︸ ︷︷ ︸
s { 0 Id
d− s { 0 0

 .
By induction it follows that if d− js > 0, we have
Kj =


js︸︷︷︸ d− js︸ ︷︷ ︸
js { 0 Id
d− js { 0 0

 6= 0
and Kj = 0 for each j ∈ N∗ such that d− js 6 0. 
Notation 5. Let ξ ⊂ TM a distribution. We denote by ξ∗ the smallest involutive
subset of TM such that ξ ⊂ ξ∗. If E = {X1, · · ·, Xs} are generators of ξ on an open
subset U of M , then for every x ∈ U , ξ∗x is the linear subspace of TxM generated
by [Xi1 , [Xi2 , [· · ·, Xik ]]] (x), k > 1, 1 6 ik 6 s.
Remark 5. If dim ξ∗x is independent of x, ξ
∗ is a distribution, but in general dim ξ∗x
depends on x. If ξ∗ is a distribution, then ξ∗ is the smallest integrable distribution
containing ξ [12].
Corollary 3. Let M be a smooth manifold of dimension n, ξ ⊂ TM a distribution
of dimension s such that ξ∗ is a distribution of dimension d. Then for every x ∈M
there exists a neighborhood U of x and Φ ∈ Λ1 (U, TU) such that the canonical
solution of the Maurer-Cartan equation associated to Φ is of finite type 6 r, where
r = min
{
m ∈ N : m > d
s
}
.
Proof. If ξ is integrable, d = s, r = 1 and the corollary follows from Theorem 4.
Suppose that ξ is not integrable, i. e. d > s. For each x ∈ M there exists a
neighborhood U of x and a basis (X1, · · ·, Xn) of TM on U such that (X1, · · ·, Xs)
is a basis of ξ and (X1, · · ·, Xd) is a basis of ξ
∗ on U .
We define Φ ∈ End (TU) as ΦXi = 0, i = 1, · · ·, s Φ (Xi) = Xi−s, i = s+1, · · ·, d,
Φ (Xi) = Xi, i = d+ 1, · · ·, n. Then the matrix of Φ in the basis (X1, · · ·, Xn) is
Φ =


d︸︷︷︸ n− d︸ ︷︷ ︸
d { K 0
n− d { 0 Id


where
K =


s︸︷︷︸ d− s︸ ︷︷ ︸
s { 0 Id
d− s { 0 0

 .
Since r > 2, by Lemma 8 and Theorem 5, the canonical equation solution of the
Maurer-Cartan equation associated to Φ is of finite type 6 r. 
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Remark 6. In [2] it is proved that the deformation theory in the DGLA (D∗ (M) ,k, [·, ·])
is not obstructed but it is level-wise obstructed.
5. Deformations of foliations of codimension 1
Definition 13. By a differentiable family of deformations of an integrable distri-
bution ξ we mean a differentiable family ω : D = (ξt)t∈I 7→ t ∈ I =]− a, a[, a > 0,
of integrable distributions such that ξ0 = ω
−1 (0) = ξ.
Remark 7. An integrable distribution ξ of codimension 1 in a smooth manifold L
is called co-orientable if the normal space to the foliation defined by ξ is orientable.
We recall that ξ is co-orientable if and only if there exists a 1-form γ on L such
that ξ = ker γ (see for ex. [7]). A couple (γ,X) where γ ∈ ∧1 (L) and X is a
vector field on L such that ker γ = ξ and γ (X) = 1 was called a DGLA defining
couple in [1].
If (ξt)t∈I is a differentiable family of deformations of an integrable co-orientable
distribution ξ, then the distribution ξt is co-orientable for t small enough. So,
if ξ is an integrable co-orientable distribution of codimension 1 in L and (ξt)t∈I
is a differentiable family of deformations of ξ we may consider a DGLA defining
couple (γt, Xt) for every t small enough such that t 7→ (γt, Xt) is differentiable on
a neighborhood of the origin.
Lemma 9. Let L be a C∞ manifold and ξ ⊂ T (L) a co-orientable distribution of
codimension 1. Let (γ,X) be a DGLA defining couple and denote Φ ∈ End (TM)
the endomorphism corresponding to γ ⊗ X ∈ Λ1M ⊗ TM . Then Φ is defined on
TM = ξ ⊕ R [X ] as Φ = 0 on ξ and Φ = Id on R [X ].
Proof. Let Y = Yξ + λX vector fields on L, Vξ ∈ ξ, λ ∈ R. Then
(γ ⊗X) (Y ) = γ (Y )X = γ (Yξ + λX)X = λX.

Lemma 10. Let L be a C∞ manifold and ξ ⊂ T (L) a co-orientable distribution
of codimension 1. Let (γ,X) be a DGLA defining couple. Then the following are
equivalent:
i) ξ is integrable;
ii) dγ = −ιXdγ ∧ γ.
iii) [γ ⊗X, γ ⊗X ]FN = 0.
Proof. i) ⇐⇒ ii) is a variant of the theorem of Frobenius and it was proved in [1].
ii) ⇐⇒ iii). We have
[γ ⊗X, γ ⊗X ]FN = γ ∧ LXγ ⊗X − LXγ ∧ γ ⊗X − (dγ ∧ ιXγ ⊗X + ιXγ ∧ dγ ⊗X)
= 2γ ∧ LXγ ⊗X − 2dγ ⊗X = 2 (γ ∧ dιXγ + γ ∧ ιXdγ − dγ)⊗X
= 2 (γ ∧ ιXdγ − dγ)⊗X.

We recall the following lemma from [1]:
Lemma 11. Let L be a C∞ manifold and X a vector field on L. For α, β ∈ Λ∗ (L),
set
(5.1) {α, β} = LXα ∧ β − α ∧ LXβ
where LX is the Lie derivative. Then (Λ
∗ (L) , d, {·, ·}) is a DGLA.
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Proposition 3. Let L be a C2 manifold and ξ ⊂ T (L) an integrable co-orientable
distribution of codimension 1. Let (ξt)t∈I be a differentiable family of deformations
of ξ such that ξt is co-orientable and integrable for every t ∈ I and let (γt, Xt) a
DGLA defining couple for ξt such that t 7→ (γt, Xt) is differentiable on I. Denote
γ = γ0, α =
dγt
dt |t=0
, X = X0, Y =
dXt
dt |t=0
. Then
δα+ LY γ ∧ γ = 0
where
δ = d+ {γ, ·}
and {·, ·} is defined in (5.1).
In particular δα (V,W ) = 0 for every vector fields V,W tangent to ξ.
Proof. Since
γt (Xt) = (γ + tα+ o (t)) (X + tY + o (t)) = 1 + t (α (X) + γ (Y )) + o (t) = 1
it follows that
(5.2) α (X) + γ (Y ) = 0.
Denote σ (t) = γt ⊗Xt ∈ Λ
1M ⊗ TM . By Corollary 2 and Lemma 9 the canonical
solution of the Maurer-Cartan equation in (D∗ (L) , [·, ·] ,k) associated to σ (t) is of
finite type 0 for each t, so [σ (t) , σ (t)]FN = 0 for every t. We have
σ (t) = γt ⊗Xt = (γ + tα+ o (t))⊗ (X + tY + o (t))
= γ ⊗X + t (α⊗X + γ ⊗ Y ) + o (t)
and
[σ (t) , σ (t)]FN = [γ ⊗X, γ ⊗X ]FN + 2t ([γ ⊗X,α⊗X + γ ⊗ Y ]FN ) + o (t) .
By Lemma 10, [γ ⊗X, γ ⊗X ]FN = 0, so
[σ (t) , σ (t)]FN = 2t ([γ ⊗X,α⊗X + γ ⊗ Y ]FN ) + o (t) = 0
and it follows that
(5.3) [γ ⊗X,α⊗X + γ ⊗ Y ]FN = 0.
But Proposition 1 gives
[γ ⊗X,α⊗X ]FN = γ ∧ LXα⊗X − LXγ ∧ α⊗X − (dγ ∧ ιXα⊗X + ιXγ ∧ dα ⊗X)
= −{γ, α} ⊗X − α (X)dγ ⊗X − dα ⊗X
= −δα⊗X − α (X)dγ ⊗X(5.4)
and
[γ ⊗X, γ ⊗ Y ]FN = γ ∧ LXγ ⊗ Y − LY γ ∧ γ ⊗X
−dγ ∧ ιXγ ⊗ Y − ιY γ ∧ dγ ⊗X
= γ ∧ ιXdγ ⊗ Y − LY γ ∧ γ ⊗X
−dγ ⊗ Y − γ (Y ) dγ ⊗X.
By using Lemma 10 it follows that
(5.5) [γ ⊗X, γ ⊗ Y ]FN = −LY γ ∧ γ ⊗X − γ (Y ) dγ ⊗X
and by (5.3), (5.4) (5.5 and (5.2) we obtain
−δα− (α (X) + γ (Y )) dγ − LY γ ∧ γ = −δα− LY γ ∧ γ = 0.
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Remark 8. A smooth hypersurface in a complex manifold is Levi flat if it admits
a foliation of codimension 1 by complex manifolds. In [1] the authors studied the
deformations of Levi flat hypersurfaces and obtained a second order elliptic differ-
ential equation for the infinitesimal deformations, which was used to prove the non
existence of of transversally parallelizable Levi flat hypersurfaces in the complex pro-
jective plane. In [8] it is proved that the results of this paragraph lead to the same
second order elliptic differential equation for the infinitesimal deformations of Levi
flat hypersurfaces.
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